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Introduction

T HE coupling between flight mechanics, aeroelasticity, and
control system is called aeroservoelasticity. Flight vehicleswith

slender configuration can experience aeroservoelastic instability
during flight. This type of instability is likely to occur when short
period rigid-bodymode, body bendingmode, and control loopmode
are not properly phased. On the other hand, stable aeroservoelastic
phenomena can affect the planned trajectory of the vehicle. For this
reason the extent of aeroservoelastic interaction for guided
supersonic vehicles is of considerable importance.

The dynamics of the elastic vehicles have been studied in various
categories. Meirovitch and Nelson [1] examined the dynamic
stability of a spin-stabilized spacecraft containing flexible rod
appendages. Meirovitch and Wesley [2] presented an approach for
nonspinning variable-mass rockets aeroelasticity whereas Oberholt-
zer et al. [3], Crimi [4], and Platus [5] investigated the same approach
for spinning missiles. Whereas the researchers focused on special
cases, an integrated approach developed for nonspinning elastic
hypersonic flight vehicles by Bilimoria and Schmidt [6]. To predict
the effect of body flexibility on control systemNewman and Schmidt
[7] developed a two-dimensional aeroelasticmodel offlight vehicles.
The effect of flexibility on the poles and zeros of a general flexible
flight vehicle has been studied by Livneh and Schmidt [8]. Thrust
effect in the boost phase of flight on the vibrational characteristics of
flexible guided vehicles has also been studied by Pourtakdoust and
Assadian [9] numerically.

Using the previous works of Platus [5] and Bilimoria and Schmidt
[6] on the aeroelasticity of unguided flight vehicles, the present work
develops an analytical model for the study of aeroservoelasticity of
guided supersonic slender body flight vehicles. For this purpose,
modal analysis method is employed for the structure, slender body
theory is used for aerodynamics, and rate-gyro and actuator
dynamics in roll, pitch, and yaw channels are also considered in
construction of the model. The solutions to the equations of motion
are analyzed for instability prediction.

Formulation

A flexible vehicle flying in space is illustrated in Fig. 1. Using the
notation of Bilimoria and Schmidt [6], the inertial frame and body
frame, which are defined in the standard fashion, are also shown in
Fig. 1. The body frame is fixed to the body of the vehicle, with the
origin at its center of mass. The elastic mean axes system is chosen as
the body-axis system. The vehicle rotates in space with the angular
velocity vector, !, with the components p, q, and r about the body-
fixed axes x, y, and z. The vehicle velocity vector (V) components are
denoted by u, v, and w with respect to the body-fixed frame of
reference. Elastic deflections of the flexible vehicle are treated as the
motion of particles relative to the body-fixed axes. Elastic motions
are assumed to be a combination of bending deflections �y and �z in
the y- and z-directions, respectively, and torsional rotation �x around
the x-axis. On the other hand, the length of the body is assumed to be
fixed so for small bending deflections along the y- and z-axes, the
change along the x-axis is negligible.

For the derivation of the equations of motion, Lagrange’s method
is used. In general, Lagrange’s equation is given by
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where qi, T, U, D, and Qi are generalized coordinates, kinetic
energy, potential energy, Rayleigh’s dissipation function, and
generalized forces, respectively. Equation (1) will be used directly
for elastic motion. For rigid-body motion it is easier to express
Lagrange’s equations of motion in body-fixed frame of reference.

For structural modeling, it is assumed that the elastic deformation
of the vehicle is sufficiently small and can be represented in terms of
its normal undamped modes of free vibration. Hence, for a given

Fig. 1 Elastic flight vehicle with inertial and body frames of references.
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mass element, the bending and torsional elastic deformations can be
modeled as
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where �i and �i are the bending and torsional normal modes,
respectively, and �i, �i, and �i are taken as the generalized
coordinates. Finally, at a given mass element, the total elastic
deformation can be modeled as
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Assuming constant mass and symmetry about the x-axis of the
vehicle, using Coriolis’ law and after some manipulation, the final
expression for the kinetic energy of the vehicle is obtained:
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wherem is the mass of vehicle and Iy � Iz � I is the mass moments
of inertia about the y- (or z)-axis, Ix is the mass moment of inertia
about the x-axis, andMi and Ji are the generalized masses according
to generalized coordinates �i (or �i) and �i, respectively.

In the present formulation the gravity is taken as an external force
acting on the vehicle; thus, it is not a part of the potential energy.
Therefore only the elastic strain energy is considered, which can be
expressed in terms of the generalized coordinates �i, �i, and �i and
modal natural frequencies !i and �i, as follows:
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Also, Rayleigh’s dissipation function in terms of the generalized
coordinates can be written as
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where �i and �i are the critical damping ratio of the ith bending and
torsional mode, respectively.

Now equations of motion can be derived from Lagrange’s
equation [Eq. (1)] in terms of kinetic energy, potential energy and

Rayleigh’s dissipation function. The right-hand side of equations of
motion are the generalized forces which can be represented using the
principles of virtual work as follows,

Qi �
@��W�
@��qi�

(7)

where �W is the virtual work done during a virtual displacement
along the generalized coordinates, �qi. The generalized aerodynamic
forces can be evaluated in terms of the lift curve derivatives, L	 and
L
, and the local angles of attack and sideslip, 
�x; t� and 	�x; t� [5].
Rigid-body angles of attack and sideslip for small angles are

Fig. 2 Control loop.

Fig. 3 Frequency and damping of the aeroservoelastic vehicle vs

dynamic pressure for kA � 0:025.
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The aerodynamic loads on any control surface produce generalized control forces. The generalized forces due to the rudder deflection �R at xR
and elevator deflection �E at xE are determined as follows:
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Similarly the generated moments due to the aileron deflection �A at xA, elevator deflection, and rudder deflection are
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The symmetric assumption of vehicle yields
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Control System

The block diagram shown in Fig. 2 is a simplifiedflight vehicle control systemwhich is used for all channels. This diagrammodels a linear time
invariant system, that is, of course, an approximation to the real nonlinear time-varying systems. The linear approximation is used extensively in
the design and analysis of flight vehicle control systems. In Fig. 2, r�s� is the reference command signal, e�s� is the error signal, ��s� is the control
(actuator displacement ) signal, and z�s� is the feedback signal. The transfer function G1�s� represents the servoactuators that drive the
aerodynamic control surfaces. The feedbackH�s� represents the transfer function of the rate-gyros in each channels. The sensed rates for elastic
vehicle in three channels arep�P1
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i�xr� instead ofp,q, and r, where xr is the position of rate-

gyro in the rigid vehicle. The equations that correspond to the diagram in three channels are (overbars represent Laplace transforms)
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Linearized Aeroservoelastic Model

The following assumptions are made in deriving the aeroservoelastic model. The vehicle longitudinal velocity is constant and the thrust,
gravity, and drag forces are ignored. Assume p, q, r, v, w, �i, �i, and �i are small and retained only up to the first-order terms. Using these
assumptions the roll channel decouples. Hence, the governing equations for the roll channel in Laplace domain can be written as
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Note that L
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and Nw is the total number of wing sets. For the pitch and yaw channels using the following definitions,
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one can write the following system of equations
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The required constants in Eq. (18) are tabulated in Table 1.
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These relations are the aeroservoelastic equations of motion that
correspond to the rigid-body translation and rotation as well as the
elastic deformation and the control system of the vehicle. The
governing system of equations must be solved simultaneously to
determine the aeroservoelastic stability of the system.

Numerical Results

To demonstrate the validity of the proposed model, its application
are presented for some test cases. First, the aeroelastic divergence of a
specified configuration is determined. The required data for this
example are presented in [10]. The results of static aeroelastic
analysis of the test case, without the control loop, is tabulated in
Table 2 where comparison with the other available research is also
noted. The results show that using the first mode of vibration is
sufficient for determination of this type of instability. The effect of
control system dynamics is studied numerically in the next step by
adding control loop to the previous test case. For this purpose the
actuator and rate-gyro dynamic are assumed as
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where �A, kR, �, and !n are taken to be 0.002, 0.13, 0.7, and 60,
respectively, and kA is the gain of the control system. In the next step,
for the gain value of kA � 0:025, the eigenvalues are determined and
shown in Fig. 3 for various values of dynamic pressure. It can be
concluded that at least three mode shapes must be used for flutter
determination. An important observation is that the combination of a
stable aeroelastic and dynamic system may result in an unstable
aeroservoelastic system. Finally the results of instability
computations for various values of kA are presented in Fig. 4. It
can be seen whereas the flutter dynamic pressure is a function of the
control system gain, divergence pressure and flutter frequency are
independent of the control system gain variation. Because the first
torsional frequency in most of the practical cases is several times
larger than the first bending frequency, it can be concluded that no
kind of instabilities may occur in this channel.

Conclusions

An analytical procedure for aeroservoelastic stability analysis of
guided supersonic flight vehicles is developed using slender body
aerodynamic theory and modal analysis techniques. It is shown that
the roll channel is decoupled from pitch and yaw channels by using
the linearized system of equations. Results indicate that divergence is
the only aeroelastic instability that can occur for the nonrolling flight
vehicle with no-control loop and is accurately computed using the
first bending mode shape. The result of divergence analysis
demonstrates that the vehicle elasticity has a destabilizing effect on
the pitch and yaw channels. An important conclusion of this study

verifies that inclusion of aeroservoelasticity in the analysis can cause
dynamic instability, even if the guided rigid vehicle is stable and the
elastic vehicle is also stable in no-control loop flight. The indication
is that the control loop can destabilize the bending motion of the
vehicle. Fortunately this type of instability can be controlled by some
parameter adjustments in the control system. In addition, it is
observed that the control system gain variation does not affect the
static divergence dynamic pressure and flutter frequency.
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Table 2 Comparison of divergence results

Method Divergence pressure, kPa

Engineering method ([10]) 1149
Method of [5] 1089
Present work 1087

Fig. 4 Variation of aeroservoelastic instability parameters vs control

system gain.
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